The Borsuk-Ulam theorem for maps into a surface 



DACIBERG LIMA GONQALVES 
Departamento de Matematica - IME-USP, 
Caixa Postal 66281 - Ag. Cidade de Sao Paulo, 
CEP: 05314-970 - Sao Paulo - SP - Brazil, 
e-mail: dlgoncal@ime.usp.br 

JOHN GUASCHI 
Laboratoire de Mathematiques Nicolas Oresme UMR CNRS 6139, 
Universite de Caen BP 5186, 14032 Caen Cedex, France, 

and 

Instituto de Matematicas, UNAM, Leon #2, altos, col. centro, 
Oaxaca de Juarez, Oaxaca, CP. 68000, Mexico, 
e-mail: guaschi@math. unicaen.fr 

24th July 2009: revised 5th December 2009 



Abstract 



Let (X, t, S) be a triple, where S is a compact, connected surface without bound- 
ary, and r is a free cellular involution on a CW-complex X. The triple (X,t,S) is 
said to satisfy the Borsuk- Ulam property if for every continuous map / : X — > S, 
there exists a point x G X satisfying f{j(x)) = f(x). In this paper, we formu- 
late this property in terms of a relation in the 2-string braid group B2(S) of S. 
If X is a compact, connected surface without boundary, we use this criterion to 
classify all triples (X, r, S) for which the Borsuk-Ulam property holds. We also 
consider various cases where X is not necessarily a surface without boundary, but 
has the property that iti{X/t) is isomorphic to the fundamental group of such a 
surface. If S is different from the 2-sphere § 2 and the real projective plane MP 2 , 
then we show that the Borsuk-Ulam property does not hold for (X, r, S) unless 
either tt\{X/t) = 7Ti(lLP 2 ), or tt\{X/t) is isomorphic to the fundamental group of a 
compact, connected non-orientable surface of genus 2 or 3 and S is non-orientable. 
In the latter case, the veracity of the Borsuk-Ulam property depends further on the 
choice of involution r; we give a necessary and sufficient condition for it to hold 
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in terms of the surjective homomorphism tti(X/t) — > %<i induced by the double 
covering X — > X/t. The cases S = § 2 ,RP 2 are treated separately. 



1 Introduction 

St. Ulam conjectured that if f: § n — > MJ 1 is a continuous map then there exists a point 
p G S ra such that f{p) = f(—p), where —p is the antipodal point of p \Bo\ footnote, page 
178]. The conjecture was solved in 1933 by K. Borsuk |Bo[ Satz II]. There was another 
result in Borsuk's paper, Satz III, which is indeed equivalent to Satz II (see [Matt Section 
2, Theorem 2.1.1]). It turned out that Satz III had been proved three years before by 
L. Lusternik and L. Schnirelmann |LS] (see also |Bo| footnote, page 190]). This was the 
beginning of the history of what we shall refer to as the Borsuk- Ulam property or Borsuk- 
Ulam type theorem. We say that the triple (X, r, S) has the Borsuk- Ulam property if for 
every continuous map f: X — > S, there is a point x G X such that f(x) = f(r(x)). 
In the past seventy years, the original statement has been greatly generalised in many 
directions, and has also been studied in other natural contexts. The contributions are 
numerous, and we do not intend to present here a detailed description of the development 
of the subject. One may consult [Mat] for some applications of the Borsuk-Ulam theorem. 

In this Introduction, we concentrate on a particular direction that is more closely 
related to the type of Borsuk-Ulam problem relevant to the main theme of this paper. 
In [Goj . a Borsuk-Ulam type theorem for maps from compact surfaces without boundary 
with free involutions into R 2 was studied. An important feature which appears in these 
results of that paper is that the validity of the theorem depends upon the choice of 
involution. This phenomenon did not and could not show up in the case where the 
domain is the 2-sphere § 2 since up to conjugation there is only one free involution on 8 2 . 
In a similar vein, the Borsuk-Ulam property was also analysed for triples for which the 
domain is a 3-space form in [GNSj . and also for Seifert manifolds in [GHZ, BGHZJ. The 
study of these papers leads us to formulate a general problem which consists in finding the 
maximal value n for which the Borsuk-Ulam property is true for triples (X, r, R n ), where 
X is a given finite-dimensional CW-complex X equipped with a free involution r. In this 
paper, we choose a direction closer to that of [Goj which is the investigation of maps from 
a space whose fundamental group is that of a surface, into a compact, connected surface S 
without boundary. Within this framework, Proposition [13] will enable us to formulate the 
veracity of the Borsuk-Ulam property in terms of a commutative diagram of the 2-string 
braid group B 2 (S) of S. We shall then apply algebraic properties of B 2 (S) to help us to 
decide whether the Borsuk-Ulam property holds in our setting in all cases. 

Throughout this paper, S will always denote a compact, connected surface without 
boundary, S g will be a compact, orientable surface of genus g > without boundary, 
and Ni will be a compact, non-orientable surface of genus I > 1 without boundary. We 
consider triples (X, r, S), where X is a CW-complex and r is a cellular free involution. 
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The following statements summarise our main results. 



Corollary 1. 

(a) If X is a CW -complex equipped with a cellular free involution t, the triple (X, r, § 2 ) 
satisfies the Borsuk-Ulam property if and only if the triple (X, r, M 3 ) satisfies the Borsuk- 
Ulam property. 

(b) If X is a 2- dimensional CW -complex, the triple (X, r, § 2 ) does not satisfy the Borsuk- 
Ulam property for any cellular free involution r. 

(c) The triple (§ 3 ,r, § 2 ) satisfies the Borsuk-Ulam property for the unique cellular free 
involution (up to conjugacy) r on § 3 . 

(d) The triple (MP 3 , r, § 2 ) does not satisfy the Borsuk-Ulam property for the unique cel- 
lular free involution (up to conjugacy) r on MP 3 . 

If the target is the projective plane MP 2 we have: 

Theorem 2. Let X be a CW -complex equipped with a cellular free involution r of dimen- 
sion less than or equal to three, and suppose that n\{X) is isomorphic to the fundamental 
group of a compact surface without boundary. Then the Borsuk- Ulam property holds for 
the triple (X, r, MP 2 ) if and only if X is simply connected. In particular, if X is a compact 
surface without boundary, then the Borsuk-Ulam property holds for the triple (X, r, MP 2 ) 
if and only if X is the 2-sphere. 

These two results thus treat the cases where S = § 2 or MP 2 . From now on, assume 
that 5* is different from S 2 and MP 2 , that X is a finite-dimensional CW-complex, equipped 
with a cellular free involution r, and that tci(X/t) is either finite or is isomorphic to the 
fundamental group of a compact surface without boundary. The condition that tci(X/t) 
is finite is of course equivalent to saying that tti(X) is finite. 

Remark 3. If the above space X is a finite-dimensional CW-complex that is a K(tc, 1), 
the hypothesis that tti(X/t) is isomorphic to the fundamental group of a compact surface 
without boundary is equivalent to saying that tti(X) is isomorphic to the fundamental 
group of a compact surface without boundary. To see this, observe that X/r is also a 
K(jr, 1) and a finite-dimensional CW-complex. Therefore the group tti(X/t) is torsion 
free and is the middle group of the short exact sequence 1 — > tii(X) — > iti(X/t) — > 
Z2 — > 1. Since 7ii(X) is a surface group and of finite index in tti(X/t), it follows that 
that 7Ti(X/t) is also a surface group. Indeed, from \Bt\ Proposition 10.2, Section VIII], 
tti(X/t) is a duality group, and has the same duality module Z as tti(X). So tvi(X/t) is 
a Poincar duality group over Z. But every PD 2 group over Z is the fundamental group 
of a surface as result of |EL| lEMj . 

In the case that tti(X) is finite, we obtain the following result. 

Proposition 4. Let X be a CW-complex equipped with a cellular free involution r, and 
let S be a compact, connected surface without boundary and different from MP 2 and S 2 . 
// 7Ti(X) is finite then the Borsuk-Ulam property holds for the triple (X, r, S) 
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Now suppose that 7r 1 (X/r) is isomorphic to the fundamental group of a compact 
surface without boundary. There are four basic cases according to whether S is orientable 
or non-orientable, and to whether 7Ti(X/t) is isomorphic to the fundamental group of an 
orientable or a non-orientable surface without boundary. In Section HI we first consider 
the case where S is non-orientable. The following theorem pertains to the first subcase 
where 7r 1 (X/r) is isomorphic to the fundamental group of an orientable surface without 
boundary. 

Theorem 5. Let X be a finite-dimensional CW -complex equipped with a cellular free 
involution r , and let S be a compact, connected non-orientable surface without boundary 
and different from MP 2 . Ifir^X/r) is isomorphic to the fundamental group of a compact, 
connected orientable surface without boundary then the Borsuk-Ulam property does not 
hold for the triple (X, r, S) . 

For the second subcase where 7Ti(X/t) is isomorphic to the fundamental group of a 
non-orientable surface without boundary, we have: 

Theorem 6. Let X be a finite-dimensional CW -complex equipped with a cellular free 
involution t, and let S be a compact, connected non-orientable surface without boundary 
different from RP 2 . Suppose that 7r 1 (X/r) is isomorphic to the fundamental group of 
a compact, connected non-orientable surface without boundary. Then the Borsuk-Ulam 
property holds for the triple (X, r, S) if and only if H\(X) = {1}. 

In Section [5j we study the second case, where S is orientable. If 7Ti(X/r) is isomorphic 
to the fundamental group of an orientable surface without boundary, we have: 

Theorem 7. Let X be a finite- dimensional CW -complex equipped with a cellular free 
involution t, and let g > 0. If S = S g , and if tti(X/t) is isomorphic to the fundamental 
group of a compact, connected orientable surface without boundary then the Borsuk-Ulam 
property does not hold for the triple (X, r, S) . 

The remainder of Section [5] is devoted to the study of the subcase where 7Ti(X/t) is 
isomorphic to the fundamental group of the non-orientable surface Ni without boundary 
and 5" = S g , where g > 1. Our analysis divides into four subcases: 

(1) I = 1. 

(2) l>4. 

(3) 1 = 2. 

(4) l = 3. 

For subcase ([T]) we have: 

Proposition 8. Let X be a finite-dimensional CW- complex equipped with a cellular free 
involution r, and let g > 1. 7/7r 1 (X/r) is isomorphic to the fundamental group of the 
projective plane M.P 2 , then the Borsuk-Ulam property holds for (X, r, S g ). 
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For subcase fl2]) we have: 

Proposition 9. Let X be a finite-dimensional CW -complex equipped with a cellular free 
involution r, let I > 4, and let g > 1. If tti(X/t) is isomorphic to the fundamental 
group of the non- orientable surface Ni then the Borsuk-Ulam property does not hold for 
(X,r,S g ). 

To describe the results in the remaining two subcases, we first need to introduce some 
notation and terminology. Let (X, t, S) be a triple, where r is a cellular free involution 
on X and S is a compact surface without boundary, and let 

9 T : Tnpf/r) — >• Z 2 

be the surjective homomorphism defined by the double covering X — > X/r. For sub- 
cases ([3]) and (jl]), the veracity of the Borsuk-Ulam property depends on the choice of the 
free involution r. As we shall see in Proposition [T3J the relevant information concern- 
ing r is encoded in 9 T . The study of the possible 9 T may be simplified by considering 
the following equivalence relation (see also the end of Section [2]). Let G be a group, and 
consider the set of elements of Hom(G, Z 2 ) that are surjective homomorphisms (or equival- 
ently the elements that are not the null homomorphism). Two surjective homomorphisms 
0i,02 G Hom(G, Z 2 ) are said to be equivalent if there is an isomorphism (p: G — > G 
such that (pi o (p = (fi 2 . Taking G = 7Ti(X/t), and using the results given in the Appendix, 
we shall see that many algebraic questions will depend only on the equivalence classes of 
this relation. This will help to reduce the number of cases to be analysed. 
For subcase (j3J), where I = 2, we have: 

Proposition 10. LetX be a finite- dimensional CW -complex equipped with a cellular free 
involution r , and let g > 1. Consider the presentation (a, /3 | a (3a of the fundamental 
group of the Klein bottle K. If ix\(X/t) is isomorphic to tti(K) then the Borsuk-Ulam 
property holds for the triple (X, r, S g ) if and only if 6 r (a) = 1. 

For subcase (jl]), where I = 3, we have: 

Theorem 11. Let X be a finite-dimensional CW -complex equipped with a cellular free 
involution r, and suppose that tti(X/t) is isomorphic to TTi(Ns). Consider the present- 
ation (v,ai,a2 I v 2 ■ [01,02]) of the fundamental group of A/3. Then the Borsuk-Ulam 
property holds for the triple (X, r, S g ) if and only if 8 T is equivalent to the homomorphism 
6: 7ri(AT 3 ) — > Z 2 given by 6(v) = 9{a 1 ) = 1 and 9(a 2 ) = 0. 

For subcases ([3]) and observe that as a result of the relations of the given present- 
ation of 7r 1 (A r 2 ) (resp. 7Ti(A/ 3 )), any map 9: J — > Z 2 satisfying the conditions of Propos- 
ition [10] (resp. Theorem [TT|) extends to a homomorphism, where J is the set of generators 
of 7Ti(A/ 2 ) (resp. tti(N^)). Therefore there is a double covering which corresponds to the 
kernel of 9, and consequently the cases in question may be realised by some pair (X, r) 
for some cellular free involution r. 

Theorems |5l [61 [7] and [UJ and Propositions El |9] and [10] may be summarised as follows. 
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Theorem 12. Let X be a finite-dimensional CW -complex equipped with a cellular free 
involution r. Suppose that S 7^ S> 2 ,RP 2 . Then the Borsuk-Ulam property holds for 
(X, r, S) if and only if one of the following holds: 

(a) ^(XM^tt^RP 2 ). 

(b) S is orientable, and either 

(i) 7r 1 (X/r) = 7r 1 (A^ 2 ), and T (a) = 1 for the presentation of N 2 given in Proposition UU 

(ii) ttx(X/t) = 7ii(N 3 ), and 9 T is equivalent to the homomorphism 9: tti(N 3 ) — > Z 2 
given by 8(v) = 9{ai) = 1 and 6(02) = for the presentation of N 3 given in TheoremUH 

This paper is organised as follows. In Section |2} we recall some general definitions, 
and state and prove Proposition [TBI which highlights the relation between the short exact 
sequence 1 — > ^(A) — > Ki{X/t) — > Z 2 — > 1, and the short exact sequence 1 — > 
P2(S) — >■ B 2 (S) — > Z 2 — > 1 of the pure and full 2-string braid groups of S. This 
proposition will play a vital role in much of the paper. Part ([b]) of Proposition [13] brings 
to light two special cases where S = S 2 or S = M.P 2 . The case S = S 2 will be treated 
in Corollary [TJ In Section El we deal with the case S = MP 2 , and prove Theorem [2J 
In Section HJ we study the case where S is a compact, non-orientable surface without 
boundary different from MP 2 , and prove Theorem |6j Finally, in Section |5l we analyse the 
case where S is a compact, orientable surface without boundary different from S 2 , and 
prove Theorems [7] and QJ] and Propositions IHhTOI The proof of Theorem [TT] relies on a 
long and somewhat delicate argument using the lower central series of p2{S). 
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2 Generalities 



Let S be a compact surface without boundary, and let G be a finite group that acts freely 
on a topological space X. If / : X — > S is a continuous map, we say that an orbit of the 
action is singular with respect to f if the restriction of / to the orbit is non injective. In 
particular, if G = Z 2 , a singular orbit is an orbit that is sent to a point by /. We study 
here the existence of singular orbits in the case where the group G is Z 2 . The case where 
G is an arbitrary finite cyclic group will be considered elsewhere. 

The existence of a free action of Z 2 on X is equivalent to that of a fixed-point free 
involution r : X — > X. Let (X, r, S) be a triple, where r is a free involution on X, and let 
9 T : 7r 1 (X/r) — > Z 2 be the homomorphism defined by the double covering X — > X/r. 
Recall that F 2 (S) = { (x, y) G S x S \ x 7^ y} is the 2-point configuration space of S, 
D 2 (S) is the orbit space of F 2 (S) by the free Z 2 -action r^: F 2 (S) — > F 2 (S), where 
Ts(x,y) = (y,x), and PziS) = tti(F 2 (S)) and B 2 (S) = iii(D 2 (S)) are the pure and full 
2-string braid groups respectively of S |FN] . Let n: B 2 (S) — > Z 2 denote the surjective 
homomorphism that to a 2-braid of S associates its permutation, and let p: X — > X/t 
denote the quotient map. 

The following result will play a key role in the rest of the paper. 

Proposition 13. Let X be a CW -complex equipped with a cellular free involution r, 
and let S be a compact, connected surface without boundary. Suppose that the Borsuk- 
Ulam property does not hold for the triple (X, r, S) . Then there exists a homomorphism 
4>: iti(X/t) — > B 2 (S) that makes the following diagram commute: 

MX/t)- -^B 2 {S) 




Z 2 



Conversely, if such a factorisation <p exists then the Borsuk- Ulam property does not hold 
in the following cases: 

(a) the space X is a CW -complex of dimension less than or equal to two. 

(b) S is a compact, connected surface without boundary different from S 2 and !LP 2 . 

(c) S is the projective plane and X is a CW-complex of dimension less than or equal to 
three. 

Remark 14. So if X and S are as in the first line of Proposition [T3J and if further 
S ^ Ei 2 , IKLP 2 then the Borsuk- Ulam property does not hold for the triple (X, r, S) if and 
only if there exists a homomorphism 0: tti(X/t) — > B 2 (S) that makes the diagram (JT|) 
commute. 
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Proof of Proposition [73J Suppose first that the Borsuk-Ulam property does not hold for 
the triple (X,r,S). Then there exists a map /: X — > S such that f(x) ^ f(r(x)) for 
all x G X. Define the map f : X — > F 2 (S) by f(x) = (f(x), f(r(x))). Note that / is 
Z 2 -equivariant with respect to the actions on X and F 2 (S) given respectively by r and 
Ts, and so induces a map /: X/r — > D 2 (S) of the corresponding quotient spaces defined 

by f(y) — {f( x ):f( T ( x ))}j where x G V l {{y})- On the level of fundamental groups, we 
obtain the following commutative diagram of short exact sequences: 



1 



M*) 

/# , 

■P2(S)- 



Z, 



■Zo 



1 



where /#,/# are the homomorphisms induced by /, / respectively, and p: Z 2 — )• Z 2 is 
the homomorphism induced on the quotients. We claim that p is injective. To see this, 
let 7 G ker p, let x G X/r be a basepoint, let x G X be a lift of x , and let c be a loop 
in X/r based at xq such that 9 T ((c)) = 7. Let c be the lift of c based at aT . Thus c is 
an arc from x to a point of {£0, t(x"q)}. We have that rr o /#((c)) = po 6 T ({c)) = 0, so 
/ # «c}) G kervr = P 2 (5). Further, /(c) = {/(c), /(r(c))}. Now /(c) (resp. /(r(c))) is an 
arc from /(fo) (resp. /(r(aT ))) to an element of {f(x~o), /(r(fo))}- But /#((c)) G P2(S), 
so /(c) (resp. /(t(c))) is a loop based at /(aT ) (resp. /(r(xo))). Thus c could not be an arc 
from xo to t(xo), for otherwise xo G X would satisfy f(x ) = /(t(xq)), which contradicts 
the hypothesis. Hence c is a loop based at x , so (c) G vr 1 (X, aT ), and (c) = p#((c)). 
Thus 7 = 6* T ((c)) = 6> T op # ((c)) = 0, and p is injective, as claimed, so is an isomorphism. 
Taking <p = f# yields the required conclusion. 

We now prove the converse for the three cases (jaj)— (jcj) of the second part of the pro- 
position. Suppose that there exists a homomorphism 0: 717 (X/r) — > B 2 (S) that makes 
the diagram ([1]) commute. We treat the three cases of the statement in turn. 

(a) By replacing each group G in the algebraic diagram (QQ) by the space K(G, 1), we 
obtain a diagram of spaces that is commutative up to homotopy. The first possible non- 
vanishing homotopy group of the fibre of the classifying map D 2 (S) — > K(B 2 (S), 1) of 
the universal covering of D 2 (S) is in dimension greater than or equal to two. Since X 
is of dimension at most two, by classical obstruction theory [Wh, Chapter V, Section 4, 
Theorem 4.3, and Chapter VI, Section 6, Theorem 6.13], there exists a map /: X/r — > 
D 2 (S) that induces on the level of fundamental groups. The composition of a lifting 
to the double coverings X — > F 2 (S) of the map / with the projection onto the first 
coordinate of F 2 (S) gives rise to a map that does not collapse any orbit to a point, and 
the result follows. 

(b) Since S is different from S 2 and 1LP 2 , the space D 2 (S) is a K(tt, 1), so all of its higher 
homotopy groups vanish. Arguing as in case (jaj), there is no obstruction to constructing 
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a map / that induces <fi on the level of fundamental groups, which proves the result in 
this case. 

(c) Suppose that S = RP 2 . By [GG2] . it follows that the universal covering of D 2 (RP 2 ) 
has the homotopy type of the 3-sphere. Since X has dimension less than or equal to three, 
using classical obstruction theory, we may construct a map / that satisfies the conditions, 
and once more the result follows. □ 

Proposition H] is an immediate consequence of the first part of Proposition [TBI above. 

Proof of Proposition^ The finiteness of iri(X) implies that of r Ki{X/r). Since B 2 (S) is 
torsion free, there is no factorisation <fi of the algebraic diagram (TjQ) of Proposition [T31 and 
the result follows. □ 

Remark 15. If S is § 2 (resp. RP 2 ), the difficulty in proving the converse in the case 
dim(X) > 2 (resp. dim(X) > 3) occurs as a result of the non-vanishing of the higher 
homotopy groups of the 2-sphere (resp. the 3-sphere). 



If S is a compact, connected surface without boundary, by Proposition [TBTIbl. there 
are two possibilities for S where we do not have equivalence with the existence of a 
factorisation of the diagram (TjQ). The case of RP 2 will be treated in Section |3j For now, 
let us consider the case where the target is the sphere § 2 . 

Proposition 16. If X is a CW -complex equipped with a cellular free involution r, a triple 
(X, r, S 2 ) satisfies the Borsuk- Ulam property if and only if the classifying map g : Xj r — > 
K(1i2, 1) of the double covering X — > Xjr does not factor {up to homotopy) through the 
inclusion RP 2 — > RP°° = K(Z 2 , 1). 

Proof. First note that the space D 2 (S 2 ) has the homotopy type of RP 2 [GG2l IGG3] . 
If there is a factorisation of g (up to homotopy) through the inclusion RP 2 — > RP°° 
then we may construct a map g\\ X/r — > D 2 (E> 2 ). Consequently, there exists a Z 2 - 
equivariant lifting g i : X — > F 2 (E> 2 ). The composition of ~g\ with the projection onto 
the first coordinate of F 2 (E> 2 ) is a map for which the Borsuk-Ulam property does not 
hold. Conversely, if the Borsuk-Ulam property does not hold for the triple (X, r, § 2 ) 
then by a routine argument, the map which does not collapse any orbit gives rise to the 
factorisation. □ 

We are now able to prove Corollary [TJ 

Proof of CorollaryUl 

(a) By Proposition 2.2(iv) of [GHZJ, (X, r, R 3 ) satisfies the Borsuk-Ulam property if and 
only if there is no map / : Xj r — > RP 2 such that the pull-back of the non-trivial class 
of H 1 (RP 2 ;Z 2 ) is the first characteristic class of the Z 2 -bundle X — > X/t. But this is 
exactly the condition given by Proposition [TBI for (X, r, S 2 ). 
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(b) Since the homomorphism P 2 (§ 2 ) — > Z 2 is an isomorphism, the result follows from 
Proposition [TSJ 

(c) and (Ep. This is a consequence of the main result of [GNSj . The fact that there is 
only one involution on MP 3 up to conjugacy follows from |My| . □ 

Remark 17. The 'if part of Corollary []J|aj) can also be proved by a very simple geo- 
metrical argument. For the converse, we do not know of a more direct proof. One may 
find other examples of triples such as those given in Corollary [Qjcj) , i.e. triples (X, r, § 2 ), 
where X is a CW-complex of dimension 3, for which the Borsuk-Ulam property holds. 
See |GNSj for more details. 

To conclude this section, recall from the Introduction that if we are given a group G, 
two surjective homomorphisms 0i,02 £ Hom(G, Z 2 ) are said to be equivalent if there is 
an isomorphism (p: G — > G such that <fti o p = 2 . We shall see that many algebraic 
questions will depend only on the equivalence classes of this relation due to the fact 
that if 0i,02 are equivalent then the existence of the commutative diagram ([1]) for 0! is 
equivalent to the existence of the commutative diagram ([1]) for 2 . A consequence of this 
is that the number of cases to be analysed may be reduced. From the Appendix, we have 
the following results: 

(a) If G is isomorphic to the fundamental group of an orientable compact, connected 
surface without boundary and of genus greater than zero then there is precisely one 
equivalence class. 

(b) Suppose that G is isomorphic to the fundamental group of the non-orientable surface 
Ni, where I > 1. 

(i) If I 7^ 2, there are three distinct equivalence classes. 

(ii) If l = 2, there are two distinct equivalence classes. 

The knowledge of these classes will be used in conjunction with Proposition [T31 notably 
in Section to study the validity of the Borsuk-Ulam property. 

3 The case S = RP 2 

In this section, we study the second exceptional case of Proposition [TBlfbl) where the target 
S is the projective plane MP 2 . Indeed, by the proof of the first part of Proposition [13], 
a triple (X, r, MP 2 ) does not satisfy the Borsuk-Ulam property if and only if there ex- 
ists a map /: X/r — > P 2 (MP 2 ) for which the choice = /# makes the diagram ([T]) 
commute. Recall that P 2 (MP 2 ) is isomorphic to the generalised quaternion group Qxe of 
order 16 jVB] . 

Proposition 18. Given the notation of Proposition [731 the non-existence of a factor- 
isation 0: 7Ti(X/t) — > <2i6 of the homomorphism 9 T : ttx(X/t) — > Z 2 through the ho- 
momorphism Qiq — > Z 2 implies that the Borsuk- Ulam property holds. Conversely, if a 
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factorisation exists, the Borsuk- Ulam property holds if and only if the map f\ : Xj r — > 
K(Qw, 1) obtained from the algebraic homomorphism does not factor through the map 
§> 3 /<2i6 — > K(Q\e,l) given by the Postnikov system, where K(Q W ,1) is the first stage 
of the Postnikov tower o/S 3 / Qi 6 . In particular, if X has dimension less than or equal to 
three, if the algebraic factorisation problem has a solution then the Borsuk-Ulam property 
does not hold. 

Proof. The proof follows straightforwardly from Proposition [I3J □ 

Now we can prove the main result of this section. 

Proof of Theorem 0. Since X is of dimension less than or equal to three, the result is equi- 
valent to the existence of the homomorphism by Proposition [TBT lc]). Suppose first that 
X is simply connected. Then the fundamental group of the quotient X/r is isomorphic 
to Z 2 . Since the only element of 5 2 (IKLP 2 ) of order 2 is the full twist braid, which belongs 
to P 2 (RP 2 ), the factorisation of diagram (QQ) does not exist, and this proves the 'if part. 

Conversely, suppose that X is non-simply connected. Then the fundamental group of 
X/r is either isomorphic to the fundamental group of S g , where g > 0, or is isomorphic 
to the fundamental group of Ni, where I > 1 (recall that S g (resp. Ni) is a compact, 
connected orientable (resp. non-orientable) surface without boundary of genus g (resp. 
/)). Let us first prove the result in the case where 7Ti(X/t) = Tti(S g ). The fundamental 
group of S g has the following presentation: 

(<2i, 0,2, • • • , 02g-l, &2g | [Olj 0>2\ 4 4 ' [0>2g-l, «2g] ) • (2) 

Consider the presentation (x,y \ x 4 = y 2 , yxy~ x = x' 1 ) of Qiq. Then x is of order 8, and 
defining 

0K)=h iid ^=i ( 3 ) 

VK ' \x 2 if T (oi) = 1 ; 

gives rise to a factorisation. Now suppose that tti(X/t) = 7r 1 (A r /). If / > 3 is odd, 7Ti(iVj) 
has the following presentation: 

(v, ai,a 2 ,..., a;_ 2 , a ? _i | v 2 ■ [a ± , a 2 ] • - • [aj_ 2 , ) . (4) 

If 8 T (v) = then we define by 0(f) = e (the trivial element of B 2 (^LP 2 )), and 0(aj) by 
equation If 6 T (v) = 1 then we define 0(f) = xy. Now 0(f 2 ) = x A which is of order 2, 
and so 0(f 2 ) is the full twist braid. Defining 

j(ai) = x 7 y and 0(a 2 ) = xy if 9 T (ai) = T (a 2 ) = 1 

i(ai) = x 2 and 0(a 2 ) — y if T (ai) = 9 T (a 2 ) = 

)(ai) = xy and 0(a 2 ) = x 2 if 9 T {a{) = 1 and 9 T (a 2 ) = 

)(ai) = x 2 and 0(a 2 ) = if T (ai) = and 9 T (a 2 ) = 1, 
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and the remaining 0(a,) by equation ([2D, we obtain a factorisation of the commutative 
diagram (Q]), and the result follows. The case where / > 2 is even is similar, and is left to 
the reader. □ 



4 The non-orientable case with S ^ MP 2 

In this section, we consider the case where the target 5* is a compact, connected non- 
orientable surface without boundary and different from 1LP 2 . Recall that tci(X/t) is 
isomorphic to the fundamental group of a compact, connected surface without boundary. 
In this section, we prove Theorems [5] and [61 which is the case where this surface is 
orientable or non orientable respectively. 

Proof of Theorem® Let h > 1 be such that tti(X/t) = ni(Sh), and consider the present- 
ation P of tti(X/t). Let x E B 2 (S) \ P 2 (S). Then we define 



<K«) = {\ ii6M) = l (5) 

V if 9J ai =0. 



The fact that the relation of tt\ (X/ r) is given by a product of commutators implies that 
is a well-defined homomorphism that makes the diagram ([1]) commute. The result then 
follows by applying Proposition [T3l1b|). □ 

We now suppose that tti(X/t) is isomorphic to the fundamental group of the non- 
orientable surface Ni. 

Proof of Theorem® The 'if part follows because 7r 1 (X/r) = Z 2 and B 2 (S) is torsion free. 
Indeed, there is no algebraic factorisation of the diagram ([I]) since the only homomorphism 
that makes the diagram commute is the trivial homomorphism. For the 'only if part, let 
S = N m , where m > 2, and let ttx(X/t) be isomorphic to the fundamental group of the 
non-orientable surface Ni, where / > 2. We first suppose that / is even. Then tti(X/t) 
has the following presentation: 

(a, (3, ai, a 2 , ■ ■ ■ , a 2 z_ 3 , a 2 z_ 2 | a/3a/3 _1 [ai, a 2 ] • • • [a 2 /- 3 , 0,21-2] ) • (6) 

From [5], we have the following relations in the braid group B 2 (N m ): p 2 ,iPi,ip 2 \ = p^i-B" 1 , 
B = a 2 , api^a^ 1 = p 2 i and ap 2i \a~ 1 = Bpi^B^ 1 (here a denotes the generator <7i). We 
remark that the given elements of B 2 (N m ) are those of [Sj, but we choose to multiply them 
from left to right, which differs from the convention used in [Sj. Other presentations of 
braid groups of non-orientable surfaces may be found in \Be\ IGG4j Now p 2 ,iPi,ip 2 } = 
Pi^B^ 1 implies that p 2 ,iPi ,iP 2 \Bpi\B~ 1 = B^ 1 . Using the equation crp^p^cx -1 = 
(o-p^o-~ 1 )(o-p 2 ^cr~ 1 ) = p^Bp^B^ 1 , this implies in turn that P2,\P\,\°~P\\p 2 \°~~ x = 
B^ 1 = a~ 2 , and hence P2,iPi,iO~Pi\p 2 \ = . 
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Now we construct the factorisation 0. If 9 T (a) = then define 0(a) = e, and 0(/3) to 
be equal to any element of B 2 (S) \ P2(S) if 9 T ((3) = 1, and to be equal to e if 9 T ((3) = 0. 
If 9 T (a) = 1 and 9 T {f3) = then we define 0(a) = a and 0(/3) = p2.1P1.i5 while if 
9 T (a) = 9 T ((3) = 1, we define 0(a) = o and 0(/3) = p2.1P1.1O"- For the remaining generators 
cij, we define as in equation fl5]). It follows from the construction that is a well-defined 
homomorphism that makes the diagram ([T]) commute. 

Finally let the fundamental group 7Ti(X/t) be isomorphic to tt\(Ni), where I > 3 is 
odd. Consider the presentation fll]) of tti(A^). If 9 T {y) = then the result follows as in 
the proof of Theorem [51 So suppose that 9 T {y) = 1. We have the relation p 2i i-Bp2} = 
Bp^B- l Phl B- 1 

According to Proposition [32] in the Appendix it suffices to consider two cases. The 
first is 9 T (di) = for all i\ the second is 9 T {a<i) = 1 and 9 T (cii) = for the other values of 
i. In the first case, we define 4>{v) = a, 0(ai) = p±\, 0(02) = P2,i and for the remaining 
generators a^, we define 0(aj) as in equation The result follows via the relation of the 
presentation (j4j). As for the second case, we define <p{y) = a, 0(ai) = a -1 , 0(0-2) = P2.1P1.1- 
and for the remaining at, we define 0(aj) as in equation ([5]). The result then follows. □ 

5 The orientable case with S ^ S 2 

The purpose of this section is to study the Borsuk-Ulam property in the case where the 
target is a compact, connected orientable surface without boundary of genus greater than 
zero. This is the most delicate case which we will separate into several subcases. As 
in the previous section, 7r 1 (X/r) is isomorphic to the fundamental group of a compact, 
connected surface without boundary. We first suppose that this surface is orientable. 

Proof of Theorem [?| Similar to that of Theorem [5j □ 

We now suppose that 7r 1 (X/r) is isomorphic to the fundamental group of the non- 
orientable surface A 7 /. Let S = S g , where g > 1. As we mentioned in the Introduction, 
we consider the following four subcases. 

(1) I = 1. 

(2) l>4. 

(3) 1 = 2. 

(4) Z = 3. 

As we shall see, the first two cases may be solved easily. The third case is a little 
more difficult. The fourth case is by far the most difficult, and will occupy most of this 
section. Some of the tools used in this last case will appear in the discussion of the first 
three cases. Let us now study these cases in turn. 

Subcase (1): 1 = 1. This is the subcase where 7Ti(X/t) is isomorphic to the fundamental 
group of the projective plane MP 2 . 
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Proof of Proposition^ Since B 2 (S g ) is non trivial and torsion free, it follows that there is 
no algebraic factorisation of the diagram ([rj, and the result follows from Proposition [TBI 

□ 

Subcase (2): I > 4. We recall a presentation of P2(S g ) that may be found in (Til, and 
that shall be used at various points during the rest of the paper. Other presentations of 
P 2 (S g ) may be found in [BellGGT] . 

Theorem 19 ( |FH| ). Let g>l. The following is a presentation of P 2 (S g ). 

generators: pij, where i = 1, 2 and j = 1, . . . , 2g. 
relations: 

(V [Pi,i>Pij] • • ■ [Pi,2g-i, Pitg] = B i,2 = B 2 \ = [p2,i,p 2 ^\ ■ ■ ■ [p2,2g-i, p 2 ^ 2g ] (this defines 
the elements B\ 2 and B 2 \). 

(II) P2,iPi,j = Pi,jP2,i where 1 < j, I < 2g, and j < I (resp. j < I — \) if I is odd (resp. I 
is even). 

(III) p 2 ,kPi,kP 2 ^ = PiAPi^ Bi,2\ and p 2 ^p\, k P2,k = Pi,k[ B i,2, Phk] f or all 1 < k < 2g. 

(IV) p2,kPi,k+iP 2 ^ k = Bi ;2 pi ;k+1 [p^ k , Bi j2 ], and p2 t lpi,k+iP2,k = B 12 [B 1>2 , p ltk ]pi jk+1 [B lt l, pi ;k ], 
for all k odd, 1 < k < 2g. 

(V) p2,k+iPi,kP 2 ^ k+ i = pi, k B^l, and p 2 ), +1 pi,kP2,k+i = Pi,kBi, 2 [B^, pi,k+i], for all k odd, 
\<k<2g. 

(VI) p2,ipi,jp 2 } = [B h2 ,p-j]p hj [p-j,B h2 ] andp-jp ldPn = [p 1}l , B^]p hj [B^l, Pl>l ] for all 
1 <l < J <2g and (j, I) ^ (2t, 2t - 1) for all t e {1, . . . , g}. 

From the above relations, we obtain 

P2,kBi,2P 2jk = B lt2 p~^ k B lt2 p ltk B^l, (7) 

and p 2 ^Bi >2 p 2tk = pi, k Bi t2 p^ k . Let a = cti be the standard generator of B 2 (S g ) that swaps 
the two basepoints, and set B = B\ 2 = a 2 . The crucial relation that we shall require is 

P2,2iPi,2i-iP2?i = Pi,2i-iB~ l , where i G {1, . . . , g}. 

Proof of Proposition First assume that I is odd. Then Ni has the presentation given by 
equation (jlj). Using Proposition I22J for at least two generators a 2i _i,a 2i with 1 < i < g, 
we have 8 T (a 2 i-i) = 6 T (a 2 i) = 0. If T (v) = then the factorisation is defined as in the 
corresponding case of the proof of Theorem [51 So assume that 6 T (v) = 1, and define 
<p(v) = a, (p(a 2 i-i) = Pi\, 4>{a 2i ) = p 2<2 , and for j <£ {2i-l,2i}, set cj)(aj) = a if 
6 T (aj) = 1, and 4>(aj) = e if 9 T {aj) = 0. It follows from the relation of the presentation 
of tti(Ni) given in equation (jlj) and the first relation of (V) of Theorem [191 that is a 
well-defined homomorphism that makes the diagram ([TJ) commute. The result follows 
from Proposition [T3J 

If Z > 4 is even, the proof is similar. Once more, from Proposition [321 we have 
9 T (a 2i _i) = T (a 2i ) = for some i G {!,... , g}. The fundamental group of the surface 
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Ni has the presentation given by equation flB]). Define 0(a) = a, and set <p(f3) = e if 
r (/3) = and 4>((3) = a if T (/3) = 1. We define 9 T (a,i) as in the case / odd, and the result 
follows in a similar manner. □ 

Before going any further, we define some notation that shall be used to discuss the 
remaining two cases. For i = 1,2, the two projections Pi : P 2 (S g ) — > Pi{S g ) furnish a ho- 
momorphism pi xp 2 : ^(Sg) — > Pi(Sg) x Pi(Sg) (which is the homomorphism induced 
by the inclusion F 2 (S g ) — > S g x S g ). Let A" denote the kernel of pi xp 2 . We thus have 
a short exact sequence 

1 — ► N — ► P 2 (S g ) p ^ 2 P 1 (S g ) x P^Sg) — ► 1. (8) 

Let (xi,x 2 ) be a basepoint in F 2 (S g ), let 

Fx = Px(5 s \ {x 2 }, Xl ), and let F 2 = P 1 (S g \ { Xl } ,x 2 ). (9) 

We know that for % = 1,2, Fj = kerpj, where j G {1,2} and j ^ i, and that Fj is a 
free subgroup of P2(S g ) of rank 2g with basis {pj,i, . . . , Pi,2g}- Now is also equal to 
the normal closure of B in P 2 (S g ) (see |FHj . and Proposition 3.2 in particular), and is a 
free group of infinite rank with basis {B v = rjBr]^ 1 \ r] G Si }, where §i is a Reidemeister- 
Schreier system for the projection TTi(S g \ {x 2 } ,x\) — > TXi(S g ,x\). 
Subcase (3): I = 2. Suppose that tti(X/t) = tti(K), where K denotes the Klein bottle. 

Proof of Proposition [70l If 6 T (a) = 0, it is straightforward to check that we have a factor- 
isation of diagram (JT]), and so by Proposition [T3| the Borsuk-Ulam property does not hold 
for the triple (X, r, S g ). Conversely, assume that 6 T (a) = 1, and suppose that the Borsuk- 
Ulam property does not hold for the triple (X, t, S g ). We will argue for a contradiction. 
Since 6 T (a) = 1 we may assume by Proposition 1321 that 9 T (/3) = 0. By Proposition [TBI we 
have a factorisation as in diagram (TjQ). So there are elements which by abuse of notation 
we also denote a, G B 2 (S g ) satisfying = a -1 . This relation implies that 

/3a 2 /?- 1 = a ~ 2 , (10) 

of which both sides belong to P 2 (S g ). Applying this homomorphism to equation (jTOI) . 
we obtain two similar equations, each in Pi(S g ). For each of these two equations, the 
subgroup of Pi(Sg) generated by Pi(a 2 ) and Pi(fi), for i = 1, 2, must necessarily have rank 
at most one (the subgroup is free Abelian if g — 1, and is free if g > 1, so must have rank 
one as a result of the relation). This implies that Pi(a 2 ) is trivial. Therefore a 2 G N. The 
Abelianisation A"Ab of A^ is isomorphic to the group ring Z[tti (S g )], by means of the natural 
bijection Si — > 7Ti(S g ). Let A: A^ — > A^Ab denote the Abelianisation homomorphism, 
and let exp: Z[Si] — > Z denote the evaluation homomorphism. 

Since a 2 G N, both sides of equation fflQj) belong to N. Equation ([7]) implies that 
exp oA(/3a 2 / 9~ 1 ) = expoA(a 2 ), and so expoA(a 2 ) = by equation (TTO]) . On the other 
hand, a G B 2 (S g ) \ P 2 (S g ), so there exists 7 G P2{S g ) satisfying a = ja. Hence 

a 2 = ^a-fa- 1 . B, (11) 
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and since a 2 ,B G AT, we see that 7<T7cr~ 1 g N. Now 7 G P 2 (S g ), so we may write 
7 = Wiiv 2 , where for i = 1,2, Wi G Fj. Setting u>^ = aWjU -1 for i = 1,2, we have 
that w[ G Fj, where j satisfies {i,j} = {1,2}. Further, 1 = (p\ x P2)(w) = (pi x 
P2)(wiu>2u4w 2 ) = (wiw' 2 , w 2 w[) (we abuse notation slightly by writing the elements of the 
factors of Pi(S g ) x Pi(S g ) in the same form as the corresponding elements of P2(S g )). 
Thus Wiw' 2 and w[w 2 , considered as elements of P 2 (S g ), belong to N. We have that 

ow\w' 2 o~ x = w[. aw' 2 a~ x = w[Bw 2 B = w[w 2 . w 2 1 Bw 2 . B~ , 

and since exp oX^awitu^a^ 1 ) = expoA(wiw 2 ), it follows that 

expo\(wiw' 2 ) = expo\(w[w2). (12) 

Now 

7<T7cr~ 1 = wiW2w' 1 w' 2 = Wiw 2 . w 2 w 2 (w[w 2 )w 2 w' 2 , 

and thus exp o\{ja^a^ 1 ) = 2 exp o\(wiw 2 ) by equation (jT2j) . In particular, exp o\(a 2 ) is 
odd by equation (ITT]) , which contradicts the fact that expoA(a 2 ) = 0. We thus conclude 
that the equation (3af3~ 1 = a^ 1 , where a G B 2 (S g ) \ P 2 (S g ), (3 G P 2 (S g ), has no solution, 
and hence the Borsuk-Ulam property holds for the triple (X, r, S g ). □ 

Subcase (4): 1 = 3. Using the results of Proposition[32l it suffices to consider the following 
three cases: 

(a) 6 T (v) = 6 T (a 2 ) = and r (ai) = T. 

(b) 6 T {v) = T and T (ai) = 6 T (a 2 ) = 0. 

(c) 9 T {v) = 9 T (a 1 ) = 1 and 9 T (a 2 ) = 0. 

Most of the rest of this section is devoted to analysing case ([cj), which is by far the 
most difficult of the three cases. Using the transformations of Proposition [301 we ma y 
show that case (jcj) is equivalent to 6 T {v) = T (a 2 ) = 1 and 6 T (a\) = 0, and so by the 
discussion at the end of Section [2} it suffices to consider the latter case. So in what 
follows, let 9 T : 7r 1 (A^ 3 ) — > 7L 2 be the homomorphism given by 9 T (v) = T (a 2 ) = 1 and 
9 T (ax) = 0. We first define some notation. By Proposition [T3J we must decide whether 
there exist a,c G B 2 (S g ) and w G P 2 (S g ) such that 

a 2 [w,c} = l. (13) 

Set 

a = p^ x a, and c = av, where p,v G P 2 (S g ). (14) 

In order to determine the existence of solutions to equation f)13p . we begin by studying 
its projection onto Pi(S g ) x Pi(S g ) via the short exact sequence (|S]), and its projection 
onto (Pi(S g ))Ab x {Pi(S g ))\h under the homomorphism 

P 1 (S g ) x P 1 (S g ) — ». (P 1 (S g )) Ah x (P 1 (S g )) Ah , (15) 
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where (Pi(S g ))Ab — ^ 9 is the Abelianisation of Pi(S g ). Since p, v and w belong to P 2 (S g ), 
we may write 

P = P1P2, v = viv 2 and w = Wiw 2 , (16) 

where for i = 1,2, pi,Vi,Wi G Fj, and Fj is as defined in equation (J9]). Given a word 
w in Fj written in terms of the basis {pi t k | 1 < & < 2g}, let it? denote the word in Fj, 
obtained by replacing each p ijk by pj^, where j G {1, 2} and j 7^ z. The automorphism i a 
of P2(S g ) given by conjugation by a has the property that its restriction to Fi (resp. to 
F2) coincides with the map that sends totoi (resp. to BwB^ 1 ). The restriction of i a to 
the intersection Fi n F 2 , which is the normal closure of B, is invariant under i a . We have 

< \ -if™ ifweFi 

L a (w) = awa = < (17) 
I BwB if w G F 2 , 

where in the first (resp. second) case, w is written in terms of the basis {pi,k | 1 < < 2^7} 
(resp. {p2,fc I 1 < fc < 2g}) of ¥1 (resp. F 2 ). We will later consider the automorphism 
induced by i a on a quotient of P<i{Sg) by a term of the lower central series. 

LEMMA 20. With the notation introduced above, 9 T factors as in diagram (QJ) if and only 
if for i = 1,2, there exist pi,Vi,W{ G Fj such that 

B = a pip 2 o-^ 1 pip 2 aviV2WiW2V 2 l v^ 1 o-~ l w 2 l w^ 1 , (18) 

or equivalently, such that 

B = pxB^B" 1 pxp 2 ViBv 2 B- 1 ti 1 Bw 2 v 2 1 B- 1 Vi 1 w 2 1 Wi 1 . (19) 

Furthermore, if we project equation / TJPj) onto each of the factors of Pi(S g ) x Pi(S g ) then 
the following equations hold in Pi(S g ): 

p 2 piv 2 w 2 v 2 l = wi and pip 2 Viw 1 v^ 1 = w 2 , (20) 

where by abuse of notation, we use the same notation for elements of P 2 {S g ) and their 
projection in Pi(S g ). 

Proof. Substituting equation ffT4|) into equation ffT3]) leads to (p _1 cr) 2 [«;, av) = 1, which 
is equivalent in turn to (p~ 1 a)(p~ 1 a~ 1 )a 2 [w, av ] = 1, and to a 2 = apa^ 1 p[av, w]. Sub- 
stituting equation ffT6]) into this last equation yields equation ffl8|) . Using equation f fT7|) . 
we obtain equation f[T9l . The second part is also straightforward, using the fact that 
kerpx = F 2 and kerp 2 = F x . □ 

From equation (jSJ), the two equations of ( 1201 in Pi(S g ) are equivalent respectively to 
the equations 

p~ 2 p{v 2 w 2 v 2 l zi = wi and pip2ViWiv 1 ~ 1 z 2 = w 2 in P2(S g ), (21) 
where Zi,z 2 G iV. An easy calculation proves the following: 
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Lemma 21. Equation / TTPj) may be rewritten in the form: 

B = [puBpzB^px] (Bp 2 B- 1 Pl [ftfvuuBvzB- 1 ] p^Bp^B' 1 ) 

(Bp 2 B- 1 p 1 Bv 2 B- 1 [frfwiwu Bw 2 v 2 v B- x \ Bv^B^p^Bp^B' 1 ) 
\Bp~ 2 B~ x p\Bv 2 w 2 v 2 x B~ x , pip 2 viWiVi 1 w 2 1 ] 

(pip2ViWiv^ 1 w 2 1 ) (Bp 2 B~ l p 1 Bv 2 w 2 v 2 1 B^w^ 1 ) . ^ 

Remark 22. Observe that the commutators in equation (1221) have the property that one 
of the terms belongs to Fi, while the other belongs to F2. Consequently, each commutator 
belongs to iV by equation (jHJ). 

Corollary 23. The elements p\p 2 v\WiVi 1 w 2 l and Bp 2 B~ l p\Bv 2 w 2 v 2 x B^w^ 1 ofP 2 (S g ) 
belong to N. If we further project onto the Abelianisation (cf. equation IH~5\) ). then the 
projections ofp 2 pi and p\p 2 belong to the commutator subgroup of the factors P\(S g ) x {1} 
and {1} x P\{Sg) of Pi(Sg) x Pi(S g ) respectively. 

Proof. From Remark [221 the commutators on the right-hand side of equation (T221 belong 
to N, and hence the last line of this equation also belongs to N. Projecting each of the 
factors of this last line onto Pi{S g ) x Pi(S g ) and using equation ( !2~T1) yield the first part 
of the corollary. For the second part, the projection of pip^ViWiV^ w 2 onto the second 
factor of (Pi(S g ))Ab x (Pi(Sg))Ab via Pi(Sg) x Pi(Sg) yields 'pip 2 w\w 2 1 = 1, where once 
more we do not distinguish notationally between an element of P 2 (S g ) and its projection 
in (Pi(S g )) Ah x (Pi(S , 9 )) A b- Consider f = ^ 2 p x v 2 w 2 v 2 l w^ x E P 2 (S g ). By equation (J3TJ), 
£ G N. Now £ G Fi, so i a (0 = p^iv^^ 1 w^ 1 by equation (fTTI) . and since iV is equal to 
the normal closure of B in P 2 (S g ), it is invariant under i a . The projection of t CT (0 onto the 
second factor of (Pi(5' s ))Ab x (-Pi(5 , 9 ))Ab via Pi(S g ) x Pi(S g ) thus yields p 2 piw 2 Wi l = 1. 
So in this factor of (-Pi(5' 9 ))Ab, we have pip 2 Wi = w 2 and p{p\W 2 = W\. Substituting the 
second of these equations into the first gives 1 = p 2 p{p\p 2 = (ftip 2 ) 2 since (Pi(S g ))Ab is 
Abelian. The fact that the group (Pi(S g ))Ab — ^ 9 is torsion free implies that pip 2 = 1 
in (Pi(S g ))Ab- Hence (l,pip 2 ), considered as an element of {1} x Pi(S g ) belongs to its 
commutator subgroup. A similar argument proves the result for p 2 pi- □ 

Let k G {1, 2} and i G {1, . . . , 2g}. Using Theorem [19l it is not hard to see that if x 
is an element of P 2 {S g ) written as a word w in the generators of that theorem then the 
sum of the exponents of appearing in w, which we denote by \x\ . , is a well-defined 
integer that does not depend on the choice of w. 

Lemma 24. Let i e {1, . . . , 2g}. 

(a) Let k G {1,2}. The map P 2 {S g ) — > Z given by homomorphism 
whose kernel contains N. 
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(b) Given a solution of equation [2^1 , we have: 





+ 






and 




+ 


1^2 U, = 







Hence 
Proof. 

(a) follows easily using the presentation of P2{S g ) given in Theorem [T9l 

(b) This is a consequence of applying part (jaj) to equation (l2"Tj) . and using the fact that 
kL = l#L for a h x £ -^(•S'o)- □ 

Let G = P2(S g ), and for i e N, let r^GQ denote the terms of its lower central 
series. Recall that by definition, Ti(G) = G and r i+1 (G) = [Pj(G),G] for all i 6 N. By 
Corollary [23j equation (|22|) may be interpreted as a relation in r^P^S^)). We shall study 
this equation by means of its projection onto K (g> Z 2 , where if is a certain quotient of 
r 2 (G)/r 3 (G), which we shall define presently. We first recall some properties of G/r 3 (G). 

Lemma 25. We /iave the following relations in the group G/T 3 (G): 

(a) [ab, c]=[a, c] [b, c], [a, bc]=[a, b] [a, c] and [a s , b l ] = [a, b] st for all a,b,c € G/T 3 (G) and 
all s,t G Z. 

(fy) T/ie automorphism of G/T 3 (G) induced by i a is given by the map which sends the 
class of a word w in G to the class of the word w. 

(c) Let 1 < i,j < 2g. In G/T 3 (G) we have that [p 2) i+i, Pi,i] = P _1 and [p 2 ,i, — -S 
/or i odd, and [p2,%, Pij] = 1 otherwise (notationally, we do not distinguish between an 
element of G and its class in G/T 3 (G)). 

Proof. Part (nj) is a consequence of the well-known formulas [ab,c\ = aft,^ -1 ^,^ and 
[a, be] = [a, b]b[a, c]6 _1 , and the fact that r 2 (G)/r 3 (G) is central in G/T 3 (G). The fact 
that [a s ,6*] = [a,6] si then follows by an inductive argument. Part (jb]) is a consequence 
of the description of the automorphism i a given by equation ( 1T7|1 . and the fact that the 
class of w is the same as the class of BwB^ 1 in G/T 3 (G) because B e r 2 (G). Part (jej) 
follows from the presentation of P 2 (S S ) given in Theorem [T9~| using once more the fact 
that B e T 2 (G). □ 

Proposition 26. The projection of equation onto G/T 3 (G) is given by: 

B = [vi,w 2 ] pi, V 1 ] (plp2VlWlV^ 1 W 2 1 ) (p2plV 2 W2V2 1 W^ 1 ) . (24) 

Proof. First note by Theorem [TJ that G Ah = {Pi{S g )) Ah x {Pi{S g )) Ah ^ I? 9 x Z 2 f, where 
a basis of the first (resp. second) (Pi (S g ) )ai>- factor consists of the images of pi^ (resp. 
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P2,i), for i = 1, . . . , 2g. The element pip 2 of G belongs to F 2 , and so |pip 2 1 . = for all 
1 < % < 2g. Further, 

|PlP 2 | p2ii = |pi| p2 , + \P2\ P2 . = \Pl\ pi . + |p 2 | p2ji = 

by equation (I2~5j) . Thus |pip 2 | pfc = for all k G {1, 2} and i e {1,..., 2g}. This implies 
that pip2 G r 2 (G). A similar argument shows that p 2 pi G r^G). 

We now take equation (|2"2"|) modulo r 3 (G). Since pip 2 , B,p 2 pi G r 2 (G), and using the 
fact that r 2 (G)/r3(G) is central in G/T 3 (G) as well as Lemma I231([al) . we obtain 

B = [vx,V 2 ] \viWi,W 2 V2 l ] \V2W2V2 1 iViWxV^W^ 1 ] (piP2VlWlV^ 1 W2 1 ) (^Pl^^V^W^ 1 ) 

= [vi,v 2 ] [viWt,^^ 1 ] [^WiWz 1 ] (pip 2 viw 1 v^ 1 w 2 1 ) (frPi^^v^Wi 1 ) 

= [vi,v 2 ] \y lt w 2 ] [vuv^ 1 ] [wi/uT 1 ] [w 2 ,w 2 l ] (pip^wiv^w^) {fi 2 p\v 2 w 2 v^ l w^ x ) 

= [vi,w 2 ] [wi,^ 1 ] [w 2 ,w 2 ; 1 ] (pip^wxv^w^ 1 ) (fcPiv^v^Wi 1 ) (25) 

in G/T 3 (G). Using Lemma l25T[cl) . we see that in G/T 3 (G), the only non-trivial contribu- 
tions in [w 2 ,w 2 ) come from terms of the form [pi^, p 2 ,i+i] = B and [pi,i+i , p 2 ,i] = B^ 1 for 
i odd. Thus in G/T 3 (G), the ^-coefficient of [w2,w 2 ~ 1 ] is given by: 

— > \w 2 \„ + > \w 2 \ n \w 2 \„ = — > lu^L \w 2 \ n + 

l<i<2g l<i<2g l<i<2g 



i odd i odd i odd 



E|tw 2 L \w 2 \ n = 0. 
1 z| P2,i+l 1 z| P2,i 



\<i<2g 
i odd 



Hence [ii> 2 ,w 2 ] = 1 in G/T^G), and equation fl25l) thus reduces to equation ff24|) . □ 



Remark 27. We summarise some properties of the factors of equation pi 

(aj The factors [vi,^], [wi, v 2 ) belong to N because V\,W\ G F 2 and u^,^ 1 G Fx. 

(b) The factors pip 2 ViWiVi w^ 1 and p 2 piv 2 w 2 -y 2 ~ 1 wf 1 belong to N since their images in 
Pi(Sg) x Pi(Sg) belong to the subgroups Pi(S g ) x {1}, {1} x Pi(S g ) respectively, and B 
projects to the trivial element. 

(c) The elements (pip 2 ), pui, iui], w\W 2 belong to F 2 fl T 2 (G), and p 2 pi, \v 2 , w 2 ], u> 2 u>f 1 
belong to Fi nr 2 (G). 

We now compute the group T 2 (G) /T 3 (G). 

Proposition 28. 

(a) The group T 2 (G)/T 3 (G) is free Abelian of rank 2g(2g — 1) — 1; a basis is given by 
the classes of the elements of {e/^j, B\ k = 1, 2, 1 < i < j < 2g and i 7^ 2g — 1}, where 
Zk,i,j = [Pk,i, Pk,j] for all k = 1,2 and 1 < i < j < 2g. 
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(b) Given v,w G P2(S g ), the commutator [v,w], considered as an element of G/T 3 {G), 
belongs to T 2 (G)/T 3 (G) , and 

(i) \[v,w\\ ek . . = d kjijj (v,w) for k = 1,2, 1 < i < j < 2g and ^ (2t - l,2t) for all 
l<t<g, 

(ii) \[v,w]\ ek2j _ i2i = d kt 2i- 1>2 i{v,w) - d kj2 g-i,2g(v,w) for all k = 1, 2 and 1 < % < g, 

(ili) \[V,W]\ B = -di i2g -l,2g(v,w) - d 2l 2g-l,2g(v,w) + ^ OX-IJK , «>) , 

l<i<9 

where \u\ B and \u\ e denote the exponent sum of the element u G ^(Cr)/^^) 
respect to the basis elements of part §U$, and where 



d k ,i,j(v,w) 



Proof. 



\v 




\v\ 


Pk,i 


1 'Pk.j 


\w 




\ W \n 


Pk,i 


1 'Ph,j 



and a 2 i-i,2i(v,w) 



\v 




\v 






\v 




\v 




P2,2i-1 


P2,2i 


+ 


P\,2i-\ 


Pl,2i 


\w 


Pl,2i-1 


\w 


P\,2i 


\w 


P2,2i-\ 


\w 














P2,2i 



(a) Let G\2 denote the group defined by a presentation with generating set 



{a* 



i a k,2g 



b ktid , P\k = l,2, l<i<j<2g,i=£2g-l}, 



and defining relations: 

(I) bk,%,j = [ofe.i, Ofc.il for k 



, OfejJ 

(II) (3 = [a M , a^ 2 ] • ■ ■ LOfc,2 9 -i, 
l<i<». 

fill) [a hi , a 2 ,j] = 1 for all 1 < i, j < 2g, where {ij} ^ {2t - 1, 2t} for all 1 < t < o. 
(7V9 For k = 1,2 and 1 < i < j < 2g, the elements oj^y and (3 belong to the centre of 
the group Gu- 

We will construct a homomorphism from G12 to G/T 3 (G) and conversely. To define a 
homomorphism from G12 to G/T^(G), consider the map defined on the generators of G12 
by (5 1 — > B, a k j 1 — > p k j, and b k ^j 1 — )■ e^y for all k G {1, 2}, 1 < i < 2p and 1 < i < j < 
2g. Using Theorem [19] and Lemma [25j a straightforward calculation shows that the images 
of the relations of the presentation of G12 are satisfied in the group G/T 3 (G), and thus 
we obtain a homomorphism from G 12 onto G/T 3 (G). Conversely, consider the map from 
4>: G — > Gvi defined on the generators of G by p k j 1 — > a kt j for all k G {1,2} and j G 
{l,...,2g}. Since [0^-1,0^] 



1,2, 1 < i < j < 2g, where i^2g — \. 

' ] ~ [02,24-1,01,24] = [oi,2i-i, o 2)2 i] for all k G {1,2} and 



a fc,L( a fc,2iafc,2j-ia fci 2i a fc,2i-lJ a fc,2i 



a fc,2i°A;,2i-l,2i a fc.-' 



b k 21 fo r all k G {1, 2} and 1 < i < g, we conclude from relations (JI]) and flTVl) above that 



(3 is central in Gi 2 . Taking the image of relation (I) of Theorem [191 shows that <f)(B) = f3, 
and applying <fi to the remaining relations of G and using these two facts about 0, we 
conclude that <fi extends to a homomorphism of G onto G\2- Since /3 and the b k ,ij belong to 
the centre of G12, we see that r 2 (Gi2) is the Abelian group generated by the b kt ij, and that 
r 3 (Gi 2 ) is trivial. It follows that <p factors through G/T 3 (G). Since (j)([a kji , o&j]) = b k< ij 
for all G {1,2} and 1 < i < j < 2g, we thus obtain two homomorphisms between 
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G12 to G/T 3 (G), where one is the inverse of the other. In particular, G? 12 and G/T 3 (G) 
are isomorphic, and hence r 2 (Gi2) is isomorphic to T2{G)/T 3 (G). By considering the 
Abelianisation of G12, one may check using the relations (I)-(IV) above that ^(G^) is a 
free Abelian subgroup of Gu with basis {(3, bk,ij \ k — 1, 2, 1 < i < j < 2g, i 7^ 2g — 1 }, 
and this proves part (jaj). 

(b) Let v,w G G, and consider their classes modulo r 3 (G), which we also denote by v, w 
respectively Then in G/T 3 (G), we have 

where v',w' G r 2 (G r )/r 3 (G'). We now calculate the coefficients of [v,w] in the given basis 
of T2(G)/T 3 (G), noting that v',w' may be ignored since they are central in G/T 3 (G). 
From Lemma 125] and part (jlj), if 1 < i < j < 2g and k, I G {1,2}, we have that 

feg^ ifk = l 

Ki> PU =\ BSt iik ^ 1 and (h 3) = (2t - 1, 2t) for some t G {1, . . . ,g} (27) 
[l if k ^ I and (z,j) ^ (2t - l,2t) for all t G {1, . . . , g}, 

and from relation (I) of Theorem [19] and Lemma |25l we have 

[Pk,2g-1, Pk,2g] = e fc,l,2 ' ' ' e k,2g-3,2g-2 B ~ ■ ( 28 ) 

Thus if (2, j) 7^ (2t — 1, 2t) for all t G {1, . . . , g}, we obtain 

|k>,w|L = If L \w\„ — If L \w\„ =dkn(v,w) 

obtained from the coefficients of p^j and p^j in equation (1261) which gives while if 
i G {1, . . . , g — 1}, we obtain an extra term in the expression for the coefficient of e^i-i^i 
from the coefficients of Pk,2g~i and pk,2 g via equation ([28]) . and so 

l[ V ' W ]le* iai _ 1>M = d k,2i-l,2i{v,w)- d k , 2 g-l,2g{v, w), 

which gives (jn]). Finally, the ^-coefficient of [v, w] is obtained from three different types of 
expression: the first emanates from the coefficients of pi, 2 j_i and p 2i2 j for each 1 < i < g, 
which gives rise to a coefficient 



\v 




\v 




Pl,2i-1 


P2,2i 


\w 


Pl,2i-1 


\w 


P2,2i 



the second comes from the coefficients of p 2 , 2 i_i and pi j2 j for each 1 < i < g, which gives 
rise to a coefficient 



\v 




\v 




P2,2i-1 


P\,2i 


\w 




\w 




P2,2i-1 


Pl,2i 
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and the third is given by the coefficient of e^g-x^a via equation (l2"g|) for k G {1, 2}, which 
yields a coefficient — di t2g -i t2 g(v, w ) ~ d>2,2g-x,2g( v , w )- The sum of the first and second 
coefficients is equal to a^i-i^i {v, w). Taking the sum of all of these coefficients leads to 
\[v, w]\ B given in (Jn]), and this completes the proof of the proposition. □ 

Using Proposition [281 we are now i n a position to prove Theorem [HI which will 
follow easily from Proposition [291 Consider the quotient of T 2 (G)/T 3 (G) obtained by 
identifying e\^j with e 2 ^j for all 1 < i < j < 2g and i ^ 2g — 1. We denote this 
quotient by Q, and the image of ei^j and e 2 ^j in Q by e^j. By Proposition [281 the group 
r 2 (G)/T 3 (G) is the direct sum of three free Abelian subgroups H, (B) and L, where 
{[Pk,2i-i, Pk,2i] I k — 1, 2, 1 < % < g} is a basis of H, {B} is a basis of (5), and 

{[Pk,uPk,j] I fc = 1, 2, 1 < i < j < 2g and + (2t - 1, 2t) for all t G {1, . . . , g}} 

is a basis of L. Moreover, H (resp. L) is the direct sum Hi © H 2 (resp. L\ © L 2 ) where 
for k = 1, 2, {[pfc,2i-i, Pfc,2i] I 1 < * < is a basis of H k , and 

I 1 < ^ < i < 2^ and ± (2t - 1,2*) for all t G {1, . . . , <?}} 

is a basis of Lfe. Observe that the image of H\ (resp. Li) in Q coincides with the image of 
H 2 (resp. L 2 ). Let Q = Q © Z 2 , and let -B, if and L denote the projection of B, H and 
L respectively in Q. 

Proposition 29. Equation ^Bi) has no solution in P 2 {S g ). 

Proof. We saw previously that equation ( Tl8|) is equivalent in turn to equation ( Tl9|) . and 
to equation ( )22|) . and that its projection onto G/Y^{G) is given by equation ( 1241) . So to 
show that equation ([TBI) has no solution in P 2 {S g ) it suffices to show that the projection 
of equation (12"11) onto the group Q has no solution. Now if, (B^ and L are Z 2 -vector 
spaces of dimension equal to half the rank of H (as a free Abelian group), 1, and half the 
rank of L (as a free Abelian group) respectively, and we have a decomposition of Q as 
H © (Bj © L. We have that T2(<5) is isomorphic to a sum of Z 2 's; a basis is given by the 
set {eij,B | 1 < i < j < 2g, i ^ 2g — l}, where e^j denotes the projection (from Q to 
Q) of ejj. From now on we study the projection of equation (|2lj) onto Q (apart from the 
basis elements of Q, notationally we do not distinguish between elements of T 2 (G)/T 3 (G) 
and their projection into Q): 

B = ^ 1 ,w 2 ][wi,v 2 ~ 1 ](p 1 p2)^Ji, w^wxw^^pi)^, w^w^ 1 ) , (29) 

where each of the factors belongs to T 2 (Q), using Remark l27tfcl). and so commute pairwise. 
We now examine the various terms appearing in equation (|29l) . 
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(a) Weh&ve(p 1 p 2 )(p2pi) = [pi, p 2 ](p 2 Pi)(p 2 Pi)- We claim that [pi,p 2 ] = 1 in T 2 (G)/T 3 (G), 
and so in T 2 (Q). To prove the claim, we calculate the coefficients of [pi, P2] on the basis 
of r 2 (G)/r 3 (G) using Proposition l28ll b|) . First recall that pi, p 2 G F 2 , so 

1/^ = ^=0 foralll<z<2^ (30) 

and hence duApi, p 2 ) = |[pi,p 2 ]L = for all 1 < i < j < 2g by Proposition l2~51IIj) 
and ([11]). Further, 

d 2 «(pi,p 2 ) = |pi| p2 , |p 2 | p2] . - \pi\ p2 . \P2\ P2 . = \Pl\ pi . \P2\ P2J - \pi\ pi . \p 2 \ p2 . 

= ~ |p 2 | P2ii |p 2 | P2i . + |p 2 | P2j . \P2\ P2 . by equation (J23D 
= 0. 

Finally, 

a 2 i-l, 2 i(pi,p 2 ) = |Pl|p 2 , 2i „ 1 |P2| pi(2i - \pl\ Px2l IP2| pi2i _ 1 + IPlI^,^! |P2| P2 , 2I - |Pl| pii2l |P2| p2 , 2i _ 1 

= 0, 

using equation (130]) . So |[pi,p 2 ]| B = 0, and we conclude that [pi,p 2 ] = 1 in r 2 (G)/r3(G), 
which proves the claim. 

(b) Consider the terms p 2 Pi and p 2 pi- As an element of G, we have that p 2 p~i G F 2 , 
and so L a (p2pi) = B^piB^ 1 by equation ([17]) . Since r 3 (G) is characteristic in G, i a 
induces an automorphism of G/T 3 (G) which we also denote by i a . But B G r 2 (G), so 
^(p 2 pi) = p 2 pi in T 2 (G)/T 3 (G). Now 

L a{ek,i,j) = £k>,i,j for all 1 < i < j < 2g and k, k' G 1, 2, where k ^ k' . (31) 

So |p 2 pip 2 pi| B = |i -(p 2 pi)p 2 pi| B , and since i a {B) = B, it follows that |p 2 pip 2 pi| B is even. 
Hence the 5-coemcient of p 2 pip 2 pi is zero in Q. Using equation ( l3Tl) . we see that 

|p 2 pip 2 pi| ei i . = |p 2 pip 2 pi| e2 ij . for all 1 < % < j < 2g, 

hence the e^-coefficient of p 2 pip 2 pi is also zero in Q, and thus p 2 pip 2 pi is trivial in Q. 

(c) Now consider Wiw 2 l and w 2 Wi . We have Wiw^w^i 1 = (wiW 2 1 ) 2 w 2 Wi 1 w 2 Wi 1 . 
Since it is a square, (wiw^ 1 ) 2 is certainly trivial in Q. As in case (jb]) above, w 2 w^ 1 w 2 w^ 1 
is also trivial in Q. 

Hence equation fl29|) reduces to B = [v±, w 2 ][wi, v 2 ][vi,wi]\v 2 , w 2 ] in Q. Using the results 
of Lemma [25j we can rewrite this as 

B = [viv 2 , wiw 2 }. (32) 
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First suppose that g = 1. In this case, the basis of T 2 (G)/T 3 (G) is reduced to {B}. 
Since v 2 ,w 2 G ¥ 1 and Vi,Wi G F 2 , and using Proposition l2gl)iTi| and equation ( I2~3"j) . in 
T 2 (G)/T 3 (G) we have 

\fiiv 2 , Wiw 2 )\ B =d 1 ,i j2 (viv 2 , w x w 2 ) + d 2X2 (vxv 2 , wiw 2 ) + c lt2 (yiv 2 , wiw 2 ) 



= \v 2 


\wo\ — 

Pl,l 1 Z| P1,2 


\v 2 


\wo\ 
pi, 2 1 z| Pi,i 


+ 


1^1 


P2,l 


l^l|p 2 ,2 " 


1^1 


|Wi + 
P2,2 1 i| P2,l 


\v 2 


\Hh — 
pl,l 1 i| p2,2 


\v 2 


Pi, 2 1 1 !p2,l 


+ 


1^1 


P2.1 




1^1 


P2,2 1 Z| Pl,l 


= \V2 


P2,l \ W2 P2,2 ~~ 


\V2 


P2,2 \ W2 P2,l 


+ 


t>l 


Pl.l 


Mpi, 2 - 


|fl 


Pi, 2 Klp M + 


\V2 


P2,l ' 


\v 2 


P2.2 K IpM 


+ 




Pl.l 






Pl,2 ^ftl 








^U, 2 M PM 


+ 


^llpi.l KU,2 




u ilpi, a Hipi.i 



Thus \v\v 2) W1W2} is trivial in Q, which contradicts equation (|32|) . So let us suppose that 
g > 1. We will derive some restrictions on the element tt>i by studying equation 
after projecting onto Q. For i = 1, . . . , 2g, let a. 



pi,i' 



^2 



Pl.i 



\V2 



P2,i 



and 



Pl,: 



and let c?j = aj + 6j. The right-hand side of equation f[3"2~j) may be written 
as a product of two types of term: \vi,w m ], where l,m G {1, 2} and / 7^ m, and 
where I G {1, 2}. In the first case, considered as an element of r 2 (G) /r 3 (G), \vi, w m ] gives 
rise only to terms in B by equation (J2TJ) . In particular, in T 2 (G) /T 3 (G) \\vi,w m ]\ = 
for all /c G {1,2} and 1 < i < j < 2g, and so the ejj-coefficient of \vi,w m ], considered as 
an element of Q, is zero. It follows from equation ( )32|) that in Q, the e^-coefficient of 
\vi, wi\\v 2 , w 2 ] is zero for all (i, j) 7^ {2t — l,2t) and 1 < i < j < 2g. But modulo 2, this 
coefficient is also given by the sum 



[v 2 ,w 2 ]\ ei . t . + \[vi,wi]\ e2 . t . 



\V2\ 

\w 2 \ 

\ V 1 



1 P2,i 


\v 2 


P2,j 


+ 






Ip2,i 


\w 2 


P2,J 







Pl: 



+ \V2 



P2. 



\ v l 



\Wi 



Pl, 



\wi 



+ \V2 
P1.3 



P2,J 





di d j 




Ci Cj 



(33) 



using equation 



so 



di^ d j 

Ci Cj 



(mod 2). 



Suppose that q = (mod 2) (so c, is even) for alH = 1, . . . , 2g. Since q 



\Wi 



pi. 



^2 



/M . by equation ( 1231) . it follows from Proposition l28lfb|) that dk,i im (vq, w q ) is even for all 

k, q G {1,2} and 1 < / < m < 2g. Hence in Q, the ^-coefficient of \vi, Wi] \v 2 , w 2 ] is zero, 
which contradicts equation fl32|) . Thus there exists 1 < i < 2g such that q ^ (mod 2). 
Using Proposition [28lTbT) . a calculation similar to that of equation ( )33|) shows that 



the ex,2- (resp. S-) coefficient of [t>i, Wi][v 2 , w 2 ] is equal to 
equation f )32|) . this coefficient is equal to (resp. 1), so 



d\ 


d 2 


+ 


d2g-\ 


d2g 




~2 


°2g-l 


Wg 



di d 2 



• By 



1. Hence there exists 
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I G {1,2} such that q 7^ 0. Now for all m G {2g — l,2g}, in Q the q i?Ti -coefficient 
of \vi, Wi\\v 2 , w 2 ] is zero by equation (13"2"]1 . By equation ( 13"3"J) . this coefficient is equal to 
di d m n- — , 7T , , . . 1 . ,, , d 



d r , 



Since q / 0, this implies that 



29-1 



c 2p -i 



d 2 g 



0, but we know that this is the 



-B-coefficient in Q of [v\, wi][v 2 , w 2 \. This contradicts equation ([52]) . and completes the 
proof of the proposition. □ 

Proof of Theorem\T^ Consider the homomorphism 9 T : 7Ti(Ns) — > Z 2 . Up to equival- 
ence, we may suppose that 9 T satisfies one of the three conditions (jlj)-(jej) given at the 
beginning of the discussion of this subcase OH). 

In case (a), we have 9 T (v) = 0. We thus obtain a factorisation of diagram (JTJ) as in 
Theorem [5] and so by Proposition [131 the Borsuk-Ulam property does not hold for the 
triple (X,T,S g ). In case (b), we have 9 T {y) = 1 and 9 T (a\) = 9 T (a 2 ) = 0, and setting 
4>{y) = a, 0(ai) = p± \ and 4)(a 2 ) = p 2 , 2 defines a factorisation of diagram ([T]) by the 
first relation of ([V} of Theorem [TJ0 Applying once more Proposition [T3J we see that the 
Borsuk-Ulam property does not hold for the triple (X, r, S g ). 

Finally, consider case (c), so 9 T (v) = 9 T (a 2 ) = 1 and 9 T (a>i) = 0. It follows from Pro- 
position [29] that the non-existence of a solution to equation f [T8]) implies the non-existence 
of a solution of equation f [T3]) . and hence by Proposition [13] there is no factorisation of 
the diagram ([I]) by a homomorphism <fi. This completes the proof of the theorem. □ 



Appendix 

The purpose of this appendix is to reduce the number of cases to be analysed. The results 
presented here are known to the authors of [BGHZj . For the benefit of the reader, we 
summarise these results and write them in a form that is more suitable for our purposes. 
Our problem is that of studying the existence of a solution to the algebraic factorisation 
problem presented in diagram (0Q) of Proposition [131 Using the notion of equivalence 
introduced at the end of Section [2] our goal is to reduce the number of surjective ho- 
momorphisms 9 T : it\(X/t) — > % 2 to be analysed, where it\(X/t) is isomorphic to the 
fundamental group of a compact, connected surface without boundary different from S> 2 
and MP 2 . We consider two cases, the first (resp. second) being that where the surface 
is orientable (resp. non-orientable). In the whole of this appendix, X will be a finite- 
dimensional CPU-complex equipped with a free cellular involution r. 

Proposition 30. Let tt^X/t) be isomorphic to the fundamental group of a compact, 
connected, orientable surface without boundary different from § 2 of genus h, and consider 
the presentation of ixi(X/t) given by 

(ax, a 2 , . . . , ajyj-i, a 2h \ [a 1: a 2 ] ■ ■ ■ [a 2 h-i, a 2h ] ) . (34) 

The existence of a solution to the algebraic factorisation problem of diagram (Q]) of Pro- 
position\T^does not depend on the choice of surjective homomorphism 9 T : tti(X/t) — > 
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P2{S g ). In particular, it suffices to study the case 9 T {a{) = 1 and 6 T (a,j) = for all 
1 < % < 2h. 

Proof. The following identities show that if [ai, a 2 ] • • • [a2h-i, &2/i] is a product of commut- 
ators as in equation where 9 T (ai) ^ for some 1 < i < 2h then 7r 1 (X/r) admits a 
presentation 

a 2) • • • 5 a 2/i— 1 5 a 2/i I [ a l> a 2] ' ' ' [ a 2/i-l5 a 2h.] ) ) 

where 

[oi, 02] • • • [a2fe-i) a 2h] = K, 03] • • • [a^-i, a 2 ;J, 

with e T {a[) = I and r (a-) = for all 1 < i < 2/i. (35) 

(1) Let (a*, 6*) = (a,ba). Then [a, 6] = [a*, b*], and we may assume that either 6 T (a*) or 
^(fe*) is zero. 

(2) Let (a*, b*) = (a6a _1 ,a _1 ). Then [a, b] = [a*, b*}, and we may assume that 9 T (a*) is 
zero. 

(3) Let (a*, b*, c*, d*) = ([a, b]c[b, a], [a, 6]c?[6, a], a, b). Then [a, fo][c, d] = [a*, b*][c*, d*], and 
we may assume that there exists 1 < r < h such that T (ai) is zero for i < 2r, and for 
i > r, 6 T (a 2i -i) = and T (a 2 i) = T. 

(4) Let (a*,6*,c*,rf*) = {ac.c^bc.c^bcb^c^dc-^c). Then [a,fc][c,d] = [a* , b*}[c* , d*} 
and if T (a) = T (c) = 0, T (6) = T (d) = T, we obtain 6 T (a*) = 6 T (c*) = 6 T (d*) = and 
9 T (b*) = l. 

Applying these four identities, we see that in order to analyse the algebraic factorisa- 
tion problem for an arbitrary surjective homomorphism 8 T , it is sufficient to study the 
homomorphism 8 T given by 8 T (ai) = 1 if % = 1, and otherwise. This concludes the 
proof. □ 

Remark 31. From the above relations, in the orientable case, we deduce that any two 
surjective homomorphisms tt\{X/t) — > P2(S g ) are equivalent (in the sense given at the 
end of Section |2]). 

We now study the non-orientable case. 

Proposition 32. Suppose that tti(X/t) is isomorphic to the fundamental group of a 
compact, connected, non-orientable surface without boundary different from M.P 2 of genus 
h>2. 

(a) Let h be odd, and consider the following presentation: 

7ri(X/V) = (v, ai, 02, ... , a h - 2 , a h -i \ v 2 ■ [a x , a 2 ] • • • [a h - 2 , a ft _i] ) . (36) 

In order to study the algebraic problem, it suffices to consider the following three sub- 
cases: 
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(1) 9 T (v) = 0, 9 T (ai) = I and 9 T (ai) = for all i > I. 

(2) 9 T (v) = I, and 6 T (ai) = for alii > 1. 

(3) 6 T \v) = 1, T (a x ) = I and 9 T ( ai ) = for all i > 1. 

(b) Let h be even, and consider the following presentation: 

■kx{X/t) = (a, (3, at, a 2 , • • • , a 2h -3, a 2 h-2 \ af3af3~ 1 [a 1 , a 2 ] • • • [a 2 h-3, a2h-z] ) • (37) 



(I) If h = 2 then in order to study the algebraic problem, it suffices to consider the 
following subcases: 

(1) 9 T (a) = and 9 T (f3) = 1. 

(2) 9 T (a) = 1 and9 T {p) = 0. 

(II) If h > 4 then in order to study the algebraic problem, it suffices to consider the 
following subcases: 

(1) e T (a) = 0, 9 T ((3) = I, and 9 T (ai) = for all i > 1. 

(2) T (a) = 0, 9 T (f3) = 0, 9 T (at) = T and 9 T ( ai ) =0 for alii > 1. 

(3) 9 T (a) = T, 9 T (/3) = 0, and 6 T {ai) = for alii > 1. 

Proof. 

(a) Let h > 3 be odd. Suppose first that 9 T {y) = 0. By the relation of the presentation 
given by equation (136|) . we must have 9 T (ai) = 1 for some i. Using the transformations of 
the proof of Proposition [301 we may assume that 9 T (ai) — 1 if i — 1 and zero if i > 1, which 
is case (CD). Now suppose that 9 T (v) = 1. One possibility is that 9 T (ai) — for all i > 1, 
which is case ([2]). Now suppose that for some 1 < i < h — 1, we have 9 T (ai) = 1. Again 
using the transformations of the proof of Proposition [30l we may assume that 9 T (a,j) = 1 
if i — 1 and zero if i > 1, which is case ([3]). This completes the proof of part (jaj). 

(b) If a, 6 G 7Ti(X/r), let [a, 6]' = abah~ l denote their twisted commutator. 

(I) Let h = 2. Then there are three surjective homomorphisms: 
(%) 9 T (a) = and 6* T (/3) = 1, which is case (JT]). 

(ii) 9 T (a) = 1 and 9 T {0) = 0, which is case (j2]). 
(mj T (a) = 9 T (/3) = 1. 

Now if we let = (a, /3a), then we have [a, (3}' = [a*, /?*]'. This shows that the 

second and third homomorphisms are equivalent, and this completes the proof of part (00). 

(II) Let h > 4. First we reduce the number of cases to five. Arguing as in the case h = 2 
on the values of 9 T on a, (3, we see that we may reduce to the following cases: 

(%) T (a) = 0_= T (P) =0. _ 
(«; T (or) = and T (/3) = T. 
^ T (a) =T and T (p) = 0. 

For the first case 9 T (a) = = 9 T (P) = 0, we must have 9 T (ai) = 1 for some 1 < i < 2h — 2. 
It then follows from the proof of Proposition [301 that we may assume that 9 T (ai) = 1 if 
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2 = 1 and zero if i > 1. For the second case, 6 T (a) = and 9 T (f3) = 1, we can either have 
6 T (di) = for all 1 < i < 2h — 2, or 8 T (di) = 1 for some 1 < i < 2h — 2. In the latter case, 
again by the proof of Proposition [301 we may assume that 9 T (a>i) — 1 if i — 1 and zero 
if i > 1. The third case 9 T (a) = 1 and r (/3) = is completely analogous to the second 
case, and so the three cases above yield a total of five subcases: 

(i) 9 T (a) = 0, 9 T (f3) = 1 and 9 T (cii) = for all i > 1, which is case ([1]). 

(nj 9 T (a) = 9 T (f3) = 0, 6 T (a\) = 1 and 9 T (ai) = for all z > 1, which is case ()2]). 

fmj 9 T (a) = 0, T (/3) = T, 9 T (a x ) = T and 9 T (di) = for all i > 1. 

('zwj 6* r (a) = 1, 9 T ((3) = 0, and 9 T {aj) = for all i > 1, which is case ([3]). 

( w j T (a) = T, r (/3) = 0, 9 T { ai ) = T and ^(a^) = for all i > 1. 

We now reduce these five cases to three. Let 

(a* , b* , c* , d*) — (acac~ 1 a~ 1 ,aca~ 1 c~ 1 bac~ 1 a~ 1 ,aca~ 1 ,da~ 1 ^ . (38) 

Then 

[a*, b*]'[c*, d*] =acac~ 1 a~ l aca' 1 c~ 1 bac~ 1 a~ l acac~ l a~ l aca~ x b~ A cac~ l a~ l . 
aca~ l da~ l ac~ l a~ l ad -1 = [a,b]'[c,d]. 

The substitution (|38|) shows that among the above five subcases, the second subcase 
is equivalent to the third, and the fourth is equivalent to 9 T (a) = 1, 9 T ({3) = 0, and 
9 T (d2) = 1 and 9 T (ai) = for % ^ 2. But from the proof of Proposition [30], this is 
equivalent to 9 T (a) = 1, 9 T ((3) = 0, and 9 T (ai) = 1 and 9 T (ai) — for i > 1, which is the 
fifth subcase. This completes the proof of part ([III), an d thus that of the proposition. □ 

Remark 33. For each of the three cases (h odd, h = 2 and h > 4 even) listed above in 
Proposition [321 the corresponding subcases are not equivalent. To see this, let us first 
consider the case h = 2. Using a set of generators for Out(iV2), it follows that the two 
subcases are not equivalent. For the case h odd we use the following observations. It 
is a general fact that an automorphism of iii(Nh) maps orientable loops to orientable 
loops and non-orient able loops to non-orient able loops. Moreover, consider the induced 
automorphism on the Abelianisation of ni(Nh). Since the class of the generator v given 
in the presentation of 7Ti(Nh) generates the torsion part of the Abelianisation of 7r 1 (^), 
the subgroup generated by the class of v is invariant under any homomorphism. These 
two facts tell us that the class of v in the Abelianisation is mapped into itself, and that 
the subgroup generated by the classes of the elements a%,... ,ah-i is also invariant. A 
straightforward analysis using these two properties shows that the three subcases cannot 
be equivalent. The last case, h > 4 even, can be obtained by arguing in a similar way, 
and is left to the reader. 
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